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The sojourn probability of an Itô diffusion process, that is its probability to remain in the tubular
neighborhood of a smooth path, is a central quantity in the study of path probabilities. Previous
works considered the sojourn probability in the limit of vanishing tube radius, and employed the
metric induced by the diffusion tensor, rather than that of the ambient space, to define the tube
enclosing the smooth path. This presents two difficulties in experimentally measuring sojourn
probabilities: first, the state-dependence of the diffusion tensor is not known apriori, and second,
the limit has to be accessed through a sequence of measurements at finite tube radius. Here we
circumvent these difficulties by obtaining a general expression for the sojourn probability of N -
dimensional Itô processes in tubes whose radii are small but finite, and fixed by the metric of the
ambient Euclidean space. The central quantity in our study is the rate at which trajectories leave the
tube for the first time. This has an interpretation as a Lagrangian and can be measured directly in
experiment. We find that this Lagrangian differs, in general, from the Onsager-Machlup Lagrangian
and has a form not previously reported in the literature. We confirm our result by comparing to
numerical simulations for a one-dimensional diffusion process with state-dependent diffusivity. For
a one-dimensional example system, we then demonstrate that the most probable tube for a barrier
crossing depends sensitively on the tube radius, and hence on the tolerated amount of fluctuations
around the smooth reference path. Finally, we find that while in the limit of vanishing tube radius
the ratio of sojourn probabilities for a pair of distinct paths is in general divergent, the same for
a path and its time-reversal is always convergent and finite. This provides, in turn, a pathwise
definition of irreversibility for Itô processes that is agnostic to the state-dependence of the diffusion
tensor.
I. INTRODUCTION
A fundamental challenge in diffusive dynamics is to
quantify the probability of a given trajectory in a mean-
ingful way [1–16]. Apart from constituting a full descrip-
tion of the underlying stochastic dynamics, path proba-
bilities are used in the context of rare events [17–23], or in
stochastic thermodynamics, where the ratio of probabili-
ties for a path and its time-reversed version characterizes
irreversibility, and can be used to quantify entropy pro-
duction [24–26].
For diffusive stochastic dynamics, as described by the
Langevin equation, there exists a large body of literature
on quantifying relative probabilities of stochastic trajec-
tories [2–16]. If the noise term in the Langevin equation
is state-independent, then relative path probabilities can
be defined via the sojourn probability, i.e. the probabil-
ity that a stochastic trajectory always remains within a
finite-radius tube around a given twice continuously dif-
ferentiable reference path. In that case, relative path
probabilities can be defined as ratios of sojourn prob-
abilities in the limit of vanishing time-independent tube
radius, and are quantified by the Onsager-Machlup (OM)
stochastic action Lagrangian [3, 4, 7–9, 27]. An advan-
tage of this approach to path probabilities is that, while
the probability of an individual trajectory vanishes, for
finite tube radius the sojourn probability is positive. It
can hence be measured directly, and indeed finite-radius
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tubes were recently used to infer ratios of path probabil-
ities experimentally [28].
However, often the noise in a Langevin equation is mul-
tiplicative, i.e. depends on the current state [29]. This is
for example the case when the Langevin equation de-
scribes a slow reaction coordinate of a high-dimensional
dynamical system [30–32], for stochastic dynamics with
temperature gradients [33], or if hydrodynamic interac-
tions are present [34–36]. For state-dependent noise, the
limiting ratio of constant-radius tube probabilities in gen-
eral does not yield meaningful results. Indeed, it has been
shown that for multiplicative noise there is no transla-
tional invariant measure on the space of all paths [4],
so that defining a probability density on that space is
not possible, and comparing relative probabilities of in-
dividual paths not straightforward. Still, starting with
the work of Freidlin and Wentzel [37], and Stratonovich
[3], there have been several attempts to quantify rela-
tive path probabilities also in systems with multiplicative
noise [6, 7]. However, these works, which can broadly be
classified into two approaches, use definitions of the tube
which are not practical from an experimental point of
view. One approach is to define the tubular neighbor-
hood using the metric induced by the diffusion tensor of
the stochastic dynamics [37]. The tube is then a mov-
ing ellipsoid in RN , whose principal axes may vary along
the reference path, which is the geometric center of mass
of the ellipsoid. Another approach is to locally intro-
duce a new coordinate system, with respect to which the
diffusivity is state-independent [3, 7]. In this new coor-
dinate system, the established theory for additive noise
recovers the OM Lagrangian, which is then rewritten in
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2terms of the original coordinates, leading to an expression
for ratios of path probabilities. The tube in the original
coordinates is in this approach the inverse image of a
constant-radius tube in the new coordinates. Since the
relation between the two sets of coordinates is nonlinear,
in the original coordinates the tube can have an in princi-
pal arbitrary geometrical shape, with a geometric center
of mass that need not coincide with the reference path, as
we show explicitly further below. In both approaches, the
tube is therefore not a moving ball in Euclidean space,
but an ellipsoid or more general geometrical structure.
Importantly, in both cases the diffusivity tensor associ-
ated with the underlying stochastic dynamics needs to
be known to even construct the tube. From an observa-
tional point of view it is of course desirable to consider
a tube which can be constructed explicitly without first
having to parametrize the underlying diffusive dynamics.
In particular, the natural object to consider is a constant-
radius tube with respect to the Euclidean metric of the
ambient space, and hitherto no theory existed for that
scenario.
Figure 1. Illustration of the setup considered in this work.
The black line depicts a reference path ϕ(t) starting at ϕ(ti)
and ending at ϕ(tf ), as indicated by gray dashed lines. The
gray shaded region depicts a tube with time-dependent ra-
dius R(t) around ϕ, as indicated by the vertical dashed line.
The blue curve is a realization of one-dimensional Langevin
dynamics with multiplicative noise which remains within the
tube until the final time, the orange curve represents a real-
ization that leaves the tube before the final time tf .
We here fill this gap, by providing a comprehensive
theory of tube probabilities for diffusive dynamics with
state-dependent diffusivity. We achieve this by establish-
ing an expression for the sojourn probability for tubes
with small-but-finite radius, which may vary along the
reference path. The central quantity in our theory is the
exit rate at which trajectories first leave the tube, and
we present a series expansion of this exit rate in powers
of the time-dependent tube radius.
Our theory for finite-radius tubes leads to a physical
picture as to why the definition of ratios of path proba-
bilities is not straightforward for state-dependent diffu-
sivity. Namely, because Langevin dynamics is at short
length- and time scales dominated by the noise, as com-
pared to the drift, for state-dependent diffusivity a path
experiencing an, on average, larger diffusivity will always
be infinitely more unlikely as compared to a path expe-
riencing a lower average diffusivity. Limiting ratios of
tube probabilities are therefore in general either zero or
diverge, and finite nonzero limiting ratios for a pair of
paths are only obtained if the tube radius is fine-tuned
during the limiting procedure, in such a way that the
dominating short-time noise contributions cancel.
We show that while limiting ratios of sojourn probabil-
ities in general do not yield meaningful results, the ratio
for a pair of forward and time-reverse reference path is
always finite. This provides a pathwise definition of irre-
versibility for Itô processes that is agnostic to the state-
dependence of the diffusion tensor, and which is related
to classical measures of irreversibility and entropy pro-
duction [25, 33, 38].
For the special case of a one-dimensional system, we
derive explicit expressions for the exit rate describing the
sojourn probability, and discuss several choices for the
time-dependent tube radius. In particular we present an
explicit formula for the sojourn probability of a constant-
radius tube. We validate our theory by comparing to
numerical simulations, and discuss explicitly the relation
of the Stratonovich Lagrangian [3] to tubular exit rates.
In the context of barrier crossing for a one-dimensional
system, we furthermore find that the most probable
tube depends sensitively on both the details of the time-
dependence of the radius, and the size of the tube.
The present work provides a fundamentally new ap-
proach to quantifying and generalizing path probabilities
for systems with state-dependent diffusivity. Because of
its close relation to observables, our theory allows to ex-
tend, in an experimentally relevant way, any concept re-
lated to path probabilities, such as entropy production
and most probable paths connecting an initial and a fi-
nal point.
The remainder of this paper is structured as follows.
In Sect. II we first discuss our general theory for N -
dimensional Langevin dynamics. In Sect. III we consider
the case of a one-dimensional system. We provide ex-
plicit expressions for the exit rate, discuss several possible
choices for R(t), and relate the Stratonovich Lagrangian
to tubular exit rates. Finally, we discuss how the most
probable tube connecting an initial and a final state can
depend on the tube radius. In Sect. IV, we summarize
our findings and discuss their further implications.
II. THEORY
In the present section, we discuss our general results for
N -dimensional diffusive dynamics. For anN -dimensional
coordinate Xt ≡ X(t) ≡ (X1(t), ..., XN (t)), we consider
3the Langevin equation given by [29, 39]
dXt = a(Xt, t) dt+ b(Xt, t) dWt, (1)
where Wt is the N -dimensional Wiener process, a is
the drift, and b is the noise matrix, with components
ai ≡ ai(x, t), bij ≡ bij(x, t). We interpret Eq. (1) in the
Itô sense, results for other conventions are obtained from
our results by modifying the drift term a appropriately
[39]. The stochastic dynamics defined by Eq. (1) can
equivalently be described by the corresponding Fokker-
Planck equation (FPE) [29, 39]
∂tP = −∇i (aiP ) +∇i∇j (DijP ) , (2)
where P (x, t) is the probability density for finding a
particle Xt at position x and time t, by ∇i ≡ ∂/∂xi
we denote the partial derivative in the xi-direction, and
the components of the symmetric diffusion tensor D are
given by Dij(x, t) ≡ bik(x, t)bjk(x, t)/2, where we use
the Einstein sum convention for repeated indices. To
denote time derivates, we use the notation ∂tP and P˙
interchangeably.
A. The tubular ensemble
We consider the tubular ensemble, which consists of
those realizations Xt of the Langevin Eq. (1) that for
times t ∈ [0, tf ] remain within a time-dependent distance
R(t) to a continuous reference path ϕ(t) [3–9, 40],
XϕR (t) ≡
{
X
∣∣ ||Xs −ϕ(s)|| < R(s) ∀ s ∈ [0, t]} , (3)
where the norm || || used to quantify distances can be
any norm on RN . The name tubular ensemble is used for
XϕR because a ball of radius R(t) (defined with respect
to the norm || ||) with center ϕ(t) is a tube in spacetime
(x, t), see Fig. 1 for an illustration.
The corresponding sojourn probability
P ϕR (t) ≡ P (X ∈ XϕR (t);X0 ∼ Pi) (4)
is the probability that a stochastic trajectory X remains
closer than a distance R to ϕ until time t; for finite R
this probability of course depends on the distribution of
initial positions X0 ∼ Pi inside the tube. The decay of
the sojourn probability can be described by αϕR(t), the
instantaneous rate at which stochastic trajectories leave
the tube for the first time, as
P ϕR (t) = exp
[
−
∫ t
0
ds αϕR(s)
]
. (5)
The sojourn probability is a functional of both the ref-
erence path ϕ(t) and the function R(t) which specifies
the time-dependence of the radius, and is equivalently
described by the functional
S[ϕ, R] ≡
∫ t
0
ds αϕR(s), (6)
which we refer to as stochastic action because it describes
experimentally observable sojourn probabilities.
As discussed in more detail at the end of this section
and in App. A, for the Langevin Eq. (1), and consid-
ering a twice continuously differentiable reference path
ϕ, as well as the standard Euclidean norm ||x||2 ≡√
x21 + x
2
2 + · · ·+ x2N to define the tube, the exit rate
can be expanded as a perturbation series for small R(t),
yielding
LϕR(t) ≡ αϕR(t) = αϕfree(t) + αϕ,(0)(t) + αϕ,(2)R2(t) (7)
+O(R4(t)),
which defines the Lagrangian LϕR, and where
αϕfree(t) ≡
f(D(ϕ(t), t))
R2(t)
(8)
is the instantaneous steady-state free-diffusion exit rate
out of an N -dimensional ball of radius R(t) for Langevin
dynamics with vanishing drift and a constant diffusion
tensor D(ϕ(t), t). For a symmetric matrix M , the func-
tion f(M) is defined as the smallest negative eigen-
value of the anisotropic Laplace operator in the unit ball
with absorbing boundary conditions, and with anisotropy
given by M . While at time t the free-diffusion exit rate
Eq. (8) scales as 1/R2(t) and only depends onD(ϕ(t), t),
the term αϕ,(0)(t) in Eq. (7) is of order R0(t) and de-
pends on a(ϕ(t), t), D(ϕ(t), t), as well as their spatial
and temporal derivatives up to second order evaluated at
(ϕ(t), t). To derive Eq. (7) we assume that R˙/R scales as
R0. As we will see in our one-dimensional example fur-
ther below, both αϕ,(0) and αϕ,(2) can depend on R˙/R.
The Langevin Eq. (1) is on short length- and time
scales dominated by the random noise term, which ex-
plains that for small radius the exit rate Eq. (7) is dom-
inated by the instantaneous steady-state free-diffusion
exit rate. This rate diverges as the radius approaches
zero, which via Eq. (5) implies that the probability of
any individual path vanishes. Because of this, the proba-
bility Eq. (5) at finite radius is the fundamental physical
observable for diffusive dynamics. The expansion Eq. (7)
allows to calculate this tube probability for small-but-
finite time-dependent radius R(t), and hence to quantify
path probabilities for diffusive trajectories in an experi-
mentally measurable way.
B. Asymptotic ratios of tube probabilities
Ratios of probabilities for individual paths can be de-
fined for systems with a constant isotropic diffusion ten-
sor D ≡ D0 1 ≡ const., where D0 is positive and 1
denotes the unit matrix, and considering tubes of con-
stant radius, R(t) ≡ R0 = const., with respect to the
standard Euclidean norm [3–9, 27]. This is because the
radius-dependent free-diffusion exit rate Eq. (8) is then
independent of the path ϕ, so that the subleading-order
4term LOM ≡ αϕ,(0) quantifies relative path probabilities.
Indeed, for two paths ϕ, ψ, a stochastic action S(0) can
be defined via [3–9, 27]
e−S
(0)[ϕ]
e−S(0)[ψ]
≡ lim
R0→0
P ϕR (tf )
P ψR (tf )
, (9)
where S(0)[ϕ], which is a functional of the twice contin-
uously differentiable path ϕ, is found to be
S(0)[ϕ] =
∫ tf
0
dt LOM(ϕ(t), ϕ˙(t), t), (10)
with the Onsager-Machlup (OM) Lagrangian
LOM(ϕ, ϕ˙) ≡ αϕ,(0) = 1
4D0
[ϕ˙− a(ϕ)]2 + 1
2
∇ · a(ϕ).
(11)
For additive isotropic noise, ratios of path probabilities
can thus be defined as limits of constant-radius sojourn
probabilities, and the OM Lagrangian quantifies such ra-
tios [3–8, 27].
For a state-dependent diffusion tensor, however, the
limit in Eq. (9) in general does not yield meaningful re-
sults. In that case, it follows from substituting Eqs. (7),
(8), into Eq. (5) that
ln
P ϕR (tf )
P ψR (tf )
= −
∫ tf
0
ds
[
f(D(ϕ(s), s))
R2ϕ(s)
− f(D(ψ(s), s))
R2ψ(s)
]
(12)
−
∫ tf
0
ds
[
αϕ,(0)(s)− αψ,(0)(s)
]
+O(R2)
where we allow for different time-dependent radius Rϕ,
Rψ, along the paths ϕ, ψ, while still assuming that both
radii are of the same order, O(Rϕ) = O(Rψ) ≡ O(R) at
each time t. From Eq. (12) it is clear that in general the
difference of the free-diffusion exit rates does not vanish,
so that in the limit Rϕ(t), Rψ(t) → 0 for all t the ex-
pression Eq. (12) diverges. We remark that of course for
multiplicative noise the subleading-order term αϕ,(0) is
in general not identical to the OM Lagrangian Eq. (11).
Equation (12) shows that for state-dependent diffusiv-
ity, considering ratios of tube probabilities in the limit
of vanishing tube radius leads to divergences. Physically
speaking, in a region with low diffusivity a particle is less
likely to diffuse away from a reference path, as compared
to a region with large diffusivity. The leading-order con-
tribution to the small-radius sojourn probability is thus
path dependent, and depends both on the local diffusiv-
ity along the path and the current tube radius. This
asymptotic behavior of the sojourn probability gives an
intuitive picture for the mathematical statement that the
measure induced by Langevin dynamics with multiplica-
tive noise on the space of all continuous paths is not
absolutely continuous with respect to a quasi translation
invariant measure on that space [4].
However, from Eq. (12) it is also evident that by choos-
ing a path-dependent radius Rϕ(t) = C
√
f(D(ϕ(t), t),
with a constant C, the leading order terms do cancel
and the limit of vanishing tube radius, C → 0, is fi-
nite. In this scenario, the radius is locally chosen such
that the free-diffusion exit rate is independent of the
path and Eq. (9) can be used to define a Lagrangian
L ≡ αϕ,(0). We want to emphasize three points in the
context of this construction. First, one has to be aware
that by effectively scaling away the leading-order differ-
ences in the asymptotic exit rate, ratios of path proba-
bilities are in this scenario not directly related to what
one would naturally measure in an experiment, namely
the exit rate from a constant-radius tube with respect
to the underlying Euclidean metric. In fact, to mea-
sure in an experiment the exit rate from a tube of radius
Rϕ(t) = C
√
f(D(ϕ(t), t)), the diffusion tensor D needs
to be known along the path ϕ to evaluate Rϕ. Second,
the construction presented in this paragraph is not the
same as defining a tube via the metric induced byD [37].
We here consider a ball in Euclidean space, with its ra-
dius rescaled along the trajectory so as to produce the
same steady-state free-diffusion exit rate everywhere. A
tube with respect to the metric induced by the diffusion
tensor, on the other hand, corresponds to a moving ellip-
soid in RN , whose principal axes vary along the reference
path in such a way that the steady-state free-diffusion
exit rate remains constant. Only for one-dimensional sys-
tems, N = 1, where ellipsoids and balls are identical and
simply intervals, do these two constructions lead to the
same tube. Third, the Lagrangian obtained by choosing a
radius R = C
√
f(D(ϕ)) is not identical to the standard
Lagrangian for multiplicative noise, which was originally
derived by Stratonovich [3]. For a one-dimensional sys-
tem we show this explicitly in Sect. III, where we also
demonstrate how the Stratonovich Lagrangian is related
to tubular exit rates.
The difficulties and ambiguities in extending the
vanishing-radius limit of tube probabilities Eq. (9) to
systems with multiplicative noise, together with the fact
that any individual path has vanishing probability, sug-
gests that instead of considering the limit R → 0, fo-
cus should be put on the finite-radius sojourn probabil-
ity Eq. (5) which describes observable events of positive
probability.
However, note that while in general the log-ratio
Eq. (12) diverges in the limit of vanishing tube radius, an
important exception is the case where ψ, Rψ are the time
reverse of ϕ, Rϕ ≡ R, i.e. where ψ(t) ≡ ←ϕ(t) ≡ ϕ(tf−t),
Rψ(t) ≡ R(tf − t), and where we assume that for the re-
verse path also all explicit time-dependences in a, D are
reversed (as is customary when considering irreversibil-
ity in stochastic thermodynamics [25, 26]). The leading
5order terms in Eq. (12) then cancel and we obtain
lim
R→0
ln
P ϕR (tf )
P
←
ϕ
R (tf )
= −
∫ tf
0
ds
[
αϕ,(0)(s)− α←ϕ,(0)(s)
]
,
(13)
where the limit is considered pointwise, i.e. R(t)→ 0 for
all t. The limiting ratio of sojourn probabilities for a
pair of forward and reverse path is thus generally finite.
We emphasize again that although αϕ,(0)(s) scales as R0,
it can still depend on the exact form of R via R˙/R, as
we will see in our explicit one-dimensional example in
Sect. III.
C. Most probable tubes and instantons
One application of path probabilities is determining
the most probable path, also called instanton [4, 15].
However, since any individual path has vanishing prob-
ability, an object of more practical relevance than the
instanton is the reference path which maximizes the so-
journ probability for a finite-radius tube. From Eqs. (5),
(6), we see that for a given time-dependent tube radius
Rϕ, which may depend on the path as indicated by the
subscript, the most probable tube, with corresponding
reference path ϕ∗ connecting an initial position x0 at
time t = 0 and a final position xf at time t = tf , is
obtained by minimizing the action Eq. (6),
ϕ∗ ≡ argmin
ϕ
S[ϕ, Rϕ], (14)
where the minimization is over all continuous paths which
fulfill ϕ(0) = x0, ϕ(tf ) = xf . After ϕ∗ has been ob-
tained, the finite sojourn probability to observe any tra-
jectory that remains within the tube is calculated via
Eq. (5).
An instanton may be defined from Eq. (14) as most
probable tube in the limit of vanishing radius; the result
of course depends on the exact form of Rϕ(t). For ad-
ditive noise with a constant isotropic diffusivity tensor
D ≡ D0 1 ≡ const., and a constant radius, R(t) ≡ R0 =
const., the limit R0 → 0 in Eq. (14) is equivalent to find-
ing a pathϕ∗ that minimizes the OM action Eq. (10). For
the general Langevin Eq. (1) with multiplicative noise, we
see from Eqs. (7), (8), that in the limit of vanishing time-
independent tube radius, the instanton is in general the
path which minimizes the average free-diffusion exit rate
along the path. Thus, because diffusive dynamics is on
short length- and time scales dominated by the random
noise term in Eq. (1), for a generic Langevin equation the
drift term is completely irrelevant for the most probable
path.
D. Exit rate in terms of FP spectrum
To derive the perturbation series Eq. (7) for the
exit rate, we consider the equivalent description of the
stochastic process Eq. (1) inside the tube via the Fokker-
Planck equation (FPE) [29, 39]
∂tP
ϕ
R = −∇i (aiP ϕR ) +∇i∇j (DijP ϕR ) , (15)
where as before the components of the diffusion tensorD
are given by Dij(x, t) ≡ bik(x, t)bjk(x, t)/2, and we use
the Einstein sum convention for repeated indices. The
time-dependent spatial domain for Eq. (15) is given at
time t by
x ∈ BϕR(t) ≡
{
x
∣∣ ||x−ϕ(t)||2 < R(t)} , (16)
as illustrated by the grey shaded area in Fig. 1. The
solution to the FPE is subject to absorbing boundary
conditions at the tube boundary, P ϕR (x, t) = 0 for all
x ∈ ∂BϕR(t), so that P ϕR (x, t) describes the distribution
of those trajectories that have never left the tube until
time t. Note that in Eq. (16) we consider the standard
Euclidean norm, so that BϕR describes a moving ball in
RN , with instantaneous radius R(t) and center ϕ(t).
To obtain Eq. (7), we use the same strategy as in a
recent derivation [27] of finite-radius tubular exit rates
for Langevin dynamics with isotropic additive diffusivity
D = D01, where D0 is a positive scalar and 1 is the unit
matrix. In the following, we provide a short summary of
the derivation, more details can be found in App. A and
Ref. [27]. Our derivation assumes that ϕ is twice con-
tinuously differentiable, and that R˙/R scales as R0; fur-
thermore we use the standard Euclidean norm in RN to
define the tube. To derive Eq. (7), we first introduce a di-
mensionless coordinate system that moves along the tube
center; this removes the time-dependence of the bound-
ary conditions. In the new coordinate system the FPE is
subsequently projected onto the instantaneous eigenba-
sis ρ˜n of the FP operator, with corresponding eigenvalues
−λ˜n. In this eigenbasis, an approximate solution of the
FPE for small tube radius is derived using an approach
similar to time-dependent perturbation theory in quan-
tum mechanics [41]. This solution is, after an initial re-
laxation timescale τrel ∼ R(0)2, dominated by the decay
of the slowest-decaying eigenfunction.
Once Eq. (15) is solved with absorbing boundary con-
ditions, the sojourn probability up to time t is the sur-
vival probability, and obtained as a spatial integral over
the solution of the FPE as
P ϕR (t) =
∫
BϕR(t)
dNx P ϕR (x, t). (17)
From this in turn we obtain the instantaneous exit rate
αϕR(t) at which stochastic trajectories leave the tube for
the first time, via
αϕR(t) = −
P˙ ϕR (t)
P ϕR (t)
. (18)
From this, the exit rate Eq. (7) then follows, and in
App. A we derive expressions for f , αϕ,(0), αϕ,(2), in
terms of the instantaneous spectrum (−λ˜n, ρ˜n) of the di-
mensionless FP operator. In particular, we show that the
equation for f at time t only depends on D(ϕ(t), t).
6III. ONE-DIMENSIONAL SYSTEMS
A. Model
We now consider a one-dimensional system, given by a
particle coupled to a heat bath and subject to an external
force. In the limit of large friction, inertial effects can be
neglected and the dynamics of the particle trajectory Xt
is described by the Itô equation [42, 43]
dXt =
(
µ(Xt, t)F (Xt, t) +
1
2
(∂xD)(Xt, t)
)
dt (19)
+
√
2D(Xt, t) dWt,
where F (x, t) is the external force, and the mobility
µ(x, t) and diffusion coefficient D(x, t) are related via
βD(x, t) = µ(x, t) with β−1 = kBT the thermal energy.
Equation (19) is the Langevin Eq. (1) for N = 1, with
a ≡ µF + ∂xD/2 and b ≡
√
2D, and the corresponding
FPE (15) has the form
∂tP
ϕ
R = −∂x
[(
µF +
1
2
(∂xD)
)
PϕR
]
+ ∂2x (DP
ϕ
R) . (20)
B. Exit rate
In App. C we explicitly calculate the FP spectrum for
N = 1 and evaluate the exit rate Eq. (7) to order R2.
The first two terms are
αϕfree(t) =
pi2
4
D(ϕ(t))
R(t)2
(21)
and
Lϕ,(0) ≡ αϕ,(0) = 1
4D
[ϕ˙−DβF ]2 + 1
2
Dβ∂xF +
1
4
(∂xD)βF +
pi2
24
∂2xD −
pi2
16
(∂xD)
2
D
+
∂xD
4D
ϕ˙− 1
2
R˙
R
, (22)
whereD, F and their derivatives are evaluated at (x, t) ≡
(ϕ(t), t), the radius is in general time-dependent, R ≡
R(t), and may depend on ϕ, and where we assume that
R˙/R scales as R0. The quadratic contribution αϕ,(2) to
the exit rate Eq. (7) is given App. C. The Lagrangian
Eq. (22) is different from those derived for multiplicative
noise found in the literature [3–9, 16]. The relevance
of our result Lϕ,(0) is that it appears as a term in the
perturbative expansion of the exit rate Eq. (7), and hence
is a physical observable.
As discussed in Sect. IIA, for two paths ϕ, ψ the log-
ratio of tube probabilities Eqs. (12) in general diverges as
R → 0. However, if for the second path we consider the
time reverse of ϕ, i.e. ψ(t) ≡ ←ϕ(t) = ϕ(tf − t), and also
reverse all explicit time-dependences of D, F , R, then
from Eqs. (13), (22), we obtain
lim
R→0
ln
PϕR(tf )
P
←
ϕ
R (tf )
= −
∫ tf
0
dt
[
(βF )|ϕ(t) ϕ˙(t)
]
(23)
− 2 lim
R→0
(
ln
D(ϕ)
R2
∣∣∣∣
t=tf
− ln D(ϕ)
R2
∣∣∣∣
t=0
)
,
The first term on the right-hand side is the familiar for-
mula for the entropy production along the trajectory ϕ
[25, 33, 38]. The second term on the right-hand side is a
boundary term; if the diffusivity is independent of time,
and the tube radius depends on time via a spatial func-
tion evaluated along the path, i.e. if R(t) ≡ Rϕ(t) is of
the form R(ϕ(t)), then for a closed loop ϕ the boundary
term vanishes. In that case, which includes the scenario
of a constant tube radius R(t) ≡ R0 = const., the lim-
iting ratio of tube probabilities Eq. (23) along a closed
path is equal to the medium entropy production along ϕ
[25, 33].
We now discuss two particular choices for the time-
dependent radius, namely the scenarios of constant ra-
dius and constant free-diffusion exit rate. Subsequently
we relate the one-dimensional Stratonovich stochastic ac-
tion Lagrangian [3] to tubular exit rates.
For the numerical examples with which we illustrate
our results, we consider a force originating from a poten-
tial U as F (x) = −(∂xU)(x), where for U(x) we use a
quartic double well with typical length scale L,
U(x) = U0
[( x
L
)2
− 1
]2
, (24)
and barrier height βU0 = 2; this potential is shown in
Fig. 2 (a). We furthermore consider a diffusivity profile
D(x) =
D0
4
[
5− cos
(
pi
x
L
)]
, (25)
resulting in a diffusivity D(x = ±L) = D0 at the poten-
tial minima and D(x = 0) = 3D0/2 at the barrier top.
This diffusivity profile is shown in Fig. 2 (b), for our nu-
merical results we use D0 = L2/τD, so that τD = L2/D0.
For the reference path ϕ we choose a barrier crossing
path which at time ti = 0 starts at x = −L and at time
tf = τD ends at x = L, and which is parametrized as
ϕ(t) =
L
arctan(κ/2)
arctan
[
κ ·
(
t− tf/2
τD
)]
, (26)
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Figure 2. Potential, diffusivity, and path considered in the numerical examples in Sect. III. Subplot (a) shows the quartic
double well potential Eq. (24) for barrier height βU0 = 2. Subplot (b) shows the diffusivity profile Eq. (25). In subplot (c), we
show the reference path ϕ, defined in Eq. (26). Around the reference path, we plot the boundaries of the respective tubes for
the three scenarios considered in Sect. III B. For better visibility, all tube radii are increased by a factor of 5 for the plot. In
all subplots, gray dashed lines denote two potential barrier minima x = ±L.
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Figure 3. Tube radius and exit rates for the one-dimensional example system considered in Sect. III. Subplot (a) shows the
time-dependent tube radius for constant tube radius (scenario 1; blue solid line), constant free-diffusion exit rate (scenario 2;
orange solid line), and the distance from the reference path to the interval bounds for the Stratonovich construction (scenario
3; green dashed and dotted lines). For all scenarios, we use R0/L = 0.1. Subplot (b) shows the perturbative exit rate Eq. (7)
to order R0 for constant tube radius (scenario 1; blue solid line), constant free-diffusion exit rate (scenario 2; orange solid line),
and the Stratonovich construction (scenario 3; green dotted line). Subplot (c) shows Lϕ,(0) ≡ αϕ,(0), the first correction to the
steady-state free-diffusion exit rate, for the three scenarios considered in subplot (b).
where for κ, which controls the maximal barrier crossing
speed, we use κ = 10. The reference path Eq. (26) is
illustrated in Fig. 2 (c).
Scenario 1: Constant tube radius. For a tube with
constant radius, R(t) ≡ R0 = const., we obtain from
Eqs. (21), (22), that
αϕfree =
pi2
4
D(ϕ)
R20
, (27)
Lϕ,(0)1 =
1
4D
[ϕ˙−DβF ]2 + 1
2
Dβ∂xF +
1
4
(∂xD)βF
+
pi2
24
∂2xD −
pi2
16
(∂xD)
2
D
+
∂xD
4D
ϕ˙. (28)
Equation (27), which for small enough tube radius is the
dominant contribution to the exit rate, is proportional to
D(ϕ(t), t) and hence path-dependent. In Fig. 3 (b) we
show the exit rate Eq. (7) to order R0, evaluated along
the path Eq. (26) for a tube radius R0/L = 0.1. We
observe that the exit rate is significantly smaller when
the path is close to the barrier top, where the diffusivity
profile shown in Fig. 2 (b) displays a smaller value as
compared to the potential wells x = ±L. This indicates
that the radius R0/L = 0.1 is so small that the exit rate
Eq. (7) is already dominated by the free-diffusion contri-
bution Eq. (27) which is proportional to D. Indeed, by
comparing the magnitude of the total exit rate to order
R0, shown in Fig. 3 (b), to the typical magnitude of the
order-R0 term Eq. (28), plotted in Fig. 3 (c), we conclude
that Lϕ,(0)1 only contributes about 10% of the value of the
total exit rate in subplot (b). In App. C 4 we show, by
comparison to numerically simulated tubular exit rates,
that for the present system and tube considered, the per-
turbative exit rate Eq. (7) to order R0 perfectly describes
the numerically measured exit rate, so that for the small
radius R0/L = 0.1 the two terms Eqs. (27), (28) fully
characterize the actual the exit rate.
Scenario 2: Constant free-diffusion exit rate. From
8Eqs. (12), (27), we see that for constant tube radius
the log-ratio of tube probabilities in general diverges as
R0 → 0. As discussed in Sect. II B, this divergence
can be avoided by choosing a path-dependent tube ra-
dius R(t) ≡ R(ϕ(t)) ≡ R0
√
D(ϕ(t))/D0, which for one-
dimensional systems is equivalent to defining the tube
with respect to the metric induced by the diffusivity ten-
sor corresponding to the FP Eq. (2) [37]. In this scenario,
we obtain from Eqs. (7), (22), that
αϕfree =
pi2
4
D0
R20
≡ const. (29)
Lϕ,(0)2 =
1
4D
[ϕ˙−DβF ]2 + 1
2
Dβ∂xF +
1
4
(∂xD)βF
+
pi2
24
∂2xD −
pi2
16
(∂xD)
2
D
. (30)
By construction, the free-diffusion exit rate Eq. (29) is
now independent of the path and constant as a func-
tion of time. In Fig. 3 (a), we show the time-dependent
tube radius R(t) for R0/L = 0.1 and the example system
Eqs. (24), (25), (26). In Fig. 3 (b) we show the corre-
sponding theoretical exit rate Eq. (7) to order R0; as we
show in App. C 4 by comparison to numerical simulations
of the exit rate, higher order terms are irrelevant for the
small tube radius considered here. Figure 3 (b) clearly
shows that the total exit rate varies on a much smaller
scale as compared to the constant-radius exit rate from
scenario 1. In Fig. 3 (c) we compare the Lagrangians
Eqs. (28), (30) for scenarios 1 and 2. While overall the
Lagrangians are rather similar, they deviate from each
other for t/τD ≈ 0.5, when the path is close to the bar-
rier top.
Turning to limiting ratios of tube probabilities for two
paths ϕ, ψ, we note that by construction the limitR0 → 0
of Eq. (12) is finite in the present scenario, and yields
lim
R0→0
ln
P ϕR (tf )
P ψR (tf )
= −
∫ tf
0
ds
[
Lϕ,(0)2 (s)− Lψ,(0)2 (s)
]
.
(31)
We emphasize again that this ratio compares asymptotic
tube probabilities for tubes which have a different time-
dependent radius along the two paths ϕ, ψ.
Scenario 3: Stratonovich Lagrangian. Both La-
grangians Eqs. (28), (30), are different from the La-
grangian for multiplicative noise originally derived by
Stratonovich [3], which in our notation reads
LϕS =
1
4D
[ϕ˙−DβF ]2 − 1
4
(∂xD)βF +
1
2
∂x [DβF ] .
(32)
We now demonstrate that this Lagrangian corresponds to
an exit rate from a moving interval which is not centered
at the path ϕ, and which has a time-dependent radius
that is to leading order identical to the one from scenario
2. To obtain Eq. (32), we introduce a new coordinate
system y(x) ≡ Φ(x) defined by
dΦ
dx
=
1√
D(x)/D0
. (33)
Transforming the 1D FPE to the y-coordinate leads to
∂tPY = −∂y (D0βFY PY ) + D0∂2yPY , where PY (y, t) ≡√
D(x)/D0P (x, t), FY (y) ≡
√
D(x)/D0F (x), with x =
Φ−1(y). The coordinate transformation Eq. (33) locally
stretches space where diffusivities are low, and locally
compresses space where diffusivities are large, result-
ing in a constant diffusivity D0 with respect to the y-
coordinate, as was remarked by Ito [7]. The Stratonovich
Lagrangian now follows by considering a tube with con-
stant radius R0 in the y-coordinate around the path
ϕY (t) ≡ Φ(ϕ(t)). Since the diffusivity is constant in this
coordinate system, the theory for stochastic dynamics
with additive noise is applicable, for which the first cor-
rection to freely-diffusive exit from the tube is given by
the OM Lagrangian Eq. (11) [27]. Expressing the result-
ing exit rate back in the original x-coordinates yields
αϕR0 =
pi2
4
D0
R20
+ LϕS +O(R20) (34)
with the Stratonovich Lagrangian Eq. (32). In sum-
mary, LϕS is obtained by performing a nonlinear coor-
dinate transformation Φ, considering a constant-radius
tube in the new coordinates, and transforming the re-
sulting expression for the exit rate back to the origi-
nal coordinates. Importantly, a tube centered around
Φ(ϕ(t)) in the y-coordinate need not correspond to a
tube centered around ϕ(t) in the x-coordinate. More
explicitly, at time t a tube of radius R0 in the y-
coordinate is in the x-coordinate bounded by the two
points ϕ±(t) ≡ Φ−1 (Φ(ϕ(t))±R0). The center ϕc(t) ≡
(ϕ+(t) + ϕ−(t)) /2 and radius R(t) ≡ (ϕ+(t)− ϕ−(t)) /2
of this one-dimensional ball are given by
ϕc(t) = ϕ(t) +
1
4
∂xD|x=ϕ(t)
D0
R20 +O(R40), (35)
R(t) =
[√
D
D0
R0 +
1
12
∂2xD
D0
√
D
D0
R30
]∣∣∣∣∣
x=ϕ(t)
+O(R50).
(36)
Equations (35), (36), are to leading order identical to
tube center and radius from scenario 2, but contain ad-
ditional higher-order terms.
We return to the example system Eqs. (24), (25), (26),
and consider a tube of constant radius R0/L = 0.1 in the
y-coordinate. In Fig. 3 (a) we show the distance from ϕ(t)
to either of the two tube boundaries in the x-coordinate,
i.e. R±(t) ≡ ±(ϕ±(t)−ϕ(t)). The two curves R± clearly
disagree with each other, showing that the tube is in the
x-coordinate not centered at ϕ. Both R± behave similar
to the tube radius from scenario 2, which according to
Eq. (36) is their leading order behavior. Indeed, also in
Fig. 3 (b), where we show the total exit rate Eq. (34)
9to order R0, the exit rates from scenarios 2 and 3 look
very similar. However, subtracting from the exit rate the
free-diffusion contributions, which according to Eqs. (29),
(34), are equal, we observe in Fig. 3 (c) that the order-
R0 Lagrangians from scenario 2 and 3, Eqs. (30), (32),
clearly deviate from each other, most prominently at the
beginning and the end of the path, i.e. for t/τD . 0.3
and t/τD & 0.7.
We now consider ratios of tube probabilities for two
paths ϕ, ψ for scenario 3. By construction, the free-
diffusion exit rates are equal for any two paths, so that
we obtain
lim
R0→0
ln
P ϕR (tf )
P ψR (tf )
= −
∫ tf
0
ds
[
LϕS (s)− LψS (s)
]
. (37)
We emphasize that while in both scenarios 2 and 3 the
ratio of tube probabilities is well-defined in the limit
R0 → 0, the resulting stochastic Lagrangians differ. This
highlights that limiting ratios of tube probabilities de-
pend on the detailed nature of the tube. However, if we
consider for ψ the reverse of ϕ, i.e. ψ =
←
ϕ, then from
Eq. (37) we recover Eq. (23) without the boundary term.
C. Most probable tube
We now consider the most probable tube for the ex-
ample system Eqs. (24), (25), and the three scenarios
discussed in the previous section. For each scenario, we
obtain the most probable tube for a barrier-crossing tran-
sition from ϕ(0) = −L to ϕ(tf ) = L in one unit of the
diffusive time scale, tf = τD, by minimizing the action
functional, as defined by Eq. (14). In Fig. 4 we compare
the resulting most probable reference paths ϕ∗.
For constant tube radius R ≡ R0/L = 0.1, the most
probable reference path ϕ∗ (blue solid line) remains on
the barrier top x = 0 for most of the transition time.
This is because the action is, for the small radius con-
sidered here, dominated by the free-diffusion exit rate
Eq. (27), which is proportional to the diffusivity. Because
the diffusivity profile Eq. (25) features a local minimum
at x/L = 0, the free-diffusion exit rate is minimal there.
Notably, it follows that for tubes of small constant radius
the most probable tube is only weakly influenced by the
Lagrangian Eq. (28), and in particular is much more in-
fluenced by the diffusivity profile D(x, t) as compared to
the force F (x, t).
For constant free-diffusion exit rate, R(t) ≡
R0
√
D(ϕ(t))/D0, the most probable tube shown in Fig. 4
remains within the potential wells most of the time, and
crosses the barrier rather quickly without stopping at the
barrier top; this is in sharp contrast to the constant-
radius result. Because in the present scenario the free-
diffusion term Eq. (29) is independent of the path, the
extremum of the action is determined by the subleading-
order contribution Eq. (30). Indeed, the most proba-
ble tube observed here is qualitatively similar to barrier-
crossing instantons for double well systems with constant
diffusivity [15, 28], i.e. to the instanton which follows
from the OM Lagrangian Eq. (11).
For the Stratonovich scenario the most probable tube is
obtained by minimizing the integrated exit rate Eq. (34)
as a functional of ϕ. We show the resulting most probable
reference path ϕ∗ in Fig. 4, and observe that it is almost
identical to the result for constant free-diffusion exit rate.
This is consistent with the facts that in the Stratonovich
scenario the free-diffusion exit rate is also independent of
the path, c.f. Eq. (34), and that the R0-order terms for
both scenarios 2 and 3 yielded similar results also in the
previous subsection, see Fig. 3.
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Figure 4. Most probable tubes for the three scenarios consid-
ered in Sect. III, with force and diffusivity given by Eqs. (24),
(25). We minimize Eq. (14) using the same algorithm as used
for functional minimization in Ref. [28]. More explicitly, we
approximate the path in Eq. (14) by a finite number of 40
Fourier modes, and solve the resulting finite-dimensional min-
imization problem for the Fourier coefficients using a standard
algorithm [44]; see Ref. [28] for more details. For the blue and
orange solid lines, the minimization is carried out using the
exit rate Eq. (7) to order R0, with a constant tube radius
R0/L = 0.1 (blue solid line) and a path-dependent tube ra-
dius R(t) ≡ R0
√
D(ϕ(t))/D0 where R0/L = 0.1 (orange solid
line); both tubes are indicated as gray shaded area. For the
blue dashed line, the integral over the exit rate Eq. (34) is
minimized using R0/L = 0.1. Initial and final position of the
paths are shown as horizontal dashed lines.
To close this section, we now give an example for the
radius dependence of the most probable tube Eq. (14).
We consider a tube of constant radius R ≡ R0 = const.
for the example system Eqs. (24), (25), and, as in Fig. 4,
consider paths that move from x = −L to x = L during
a time tf = τD. We minimize Eq. (14), evaluated using
Eq. (7) to order R2, for each of the constant-radius tubes
R0/L = 0.1, 0.2, 0.3, and show the resulting most prob-
able reference paths in Fig. 5. For R0/L = 0.1 we obtain
the same path ϕ∗ as shown in Fig. 4. As discussed ear-
lier in this section, this path remains on the barrier top
for most the transition time because the exit rate is for
small radius dominated by the free-diffusion contribution
Eq. (27). While for R0/L = 0.2 the most probable refer-
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ence path ϕ∗ also rests at the barrier top for most of the
transition time, it stays there for less time as compared to
the R0/L = 0.1 result; this indicates that for R0/L = 0.2
the free-diffusion exit rate is already less dominant. For
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Figure 5. Most probable reference path for several constant-
radius tubes. We minimize Eq. (14) using the same algorithm
as describes in the caption of Fig. 4. The minimization is
carried out using the exit rate Eq. (7) to order R2, with force
and diffusivity given by Eqs. (24), (25). We show the resulting
most probable reference path ϕ∗ for a constant tube radius
R0/L = 0.1 (blue solid line), R0/L = 0.2 (orange dashed
line), and R0/L = 0.3 (green solid line). For the smallest and
largest tube radius, we indicate the tube as gray shaded area.
Initial and final position of the paths are shown as horizontal
dashed lines.
R0/L = 0.3, the path ϕ∗ is completely different from
its smaller-radius counterparts. Now, the most probable
reference path rests close to the well minima for most
of the transition time, and crosses the barrier without
stopping at the barrier top. The behavior of ϕ∗ is now
more reminiscent of the most probable tube for the con-
stant free-diffusion exit rate scenario from Fig. 4. The
reason for this is that for R0/L = 0.3, the exit rate is
no longer dominated by the free diffusion term Eq. (27);
the next-order correction Eq. (28) is now of compara-
ble size, as is confirmed by a simple scaling argument.
By comparing the first two terms in Eq. (7), which for
N = 1 and constant radius are given by Eqs. (27), (28),
the crossover radius Rc where the exit rate is no longer
dominated by the free-diffusion contribution is found as
D0pi
2/(4R2c) ≈ L0, where L0 is the typical scale of Lϕ,(0)1 .
According to Fig. 3 (c), we have L0 ≈ 10 τD = 10L2/D0,
so that (Rc/L)2 ≈ pi2/40 ≈ 0.25. This estimate for the
crossover radius is precisely between the two radii where
we observe free-diffusion dominated (R0/L = 0.2) and
Lϕ,(0)1 -dominated (R0/L = 0.3) most probable tube cen-
ters in Fig. 5.
This example shows that the most probable pathway
for a transition can depend significantly the tube radius,
i.e. on how much deviation from the reference path one
tolerates.
IV. CONCLUSIONS
In this work we present a general theory for the so-
journ probability, which is the probability for a diffusive
trajectory to remain within a tube of small but finite
time-dependent radius R(t) around a continuous refer-
ence path ϕ(t). For N -dimensional Langevin dynamics
with multiplicative noise, using the standard Euclidean
norm to define the tube, and assuming a twice continu-
ously differentiable reference path, we derive an expan-
sion in powers of the tube radius for the instantaneous
exit rate at which stochastic trajectories first leave a
small-but-finite radius tube. Based on this exit rate, we
discuss the vanishing-radius limit for ratios of sojourn
probabilities for pairs of reference paths, and in particu-
lar for a pair of forward and reverse path. For the special
case of a one-dimensional system, N = 1, we derive ex-
plicit formulas for the exit rate in terms of the drift and
diffusivity, and in an example consider several choices
for the time-dependent tube radius. The Lagrangian
Eq. (22) we derive for one-dimensional Langevin dynam-
ics is different from the Lagrangians in the literature, and
has the advantage of being directly related to an observ-
able exit rate. We validate our perturbative theoretical
results by comparing to numerical simulations of the FP
dynamics. For our one-dimensional example system, we
also illustrate how the most probable tube depends on
both the choice of time-dependence of the tube radius,
as well as the size of the tube. Our results have several
important consequences, from both a mathematical and
physical point of view.
The exit rate we derive is for small radius dominated
by a free-diffusion contribution, consistent with the fact
that Langevin dynamics is on small length- and time
scales dominated by the noise term, as compared to the
drift term [39]. For additive noise, the dominating free-
diffusion contribution to the exit rate is independent of
the reference path, so that limiting ratios of sojourn prob-
abilities for constant-radius tubes probe subleading-order
terms of the exit rate, and can be used to define the
stochastic action [3–9, 27]. For state-dependent noise,
the local free-diffusion exit rate is also state-dependent,
and the ratio of sojourn probabilities for two constant-
radius tubes is in general either zero or infinity in the
limit of vanishing tube radius; this means that one path
is typically infinitely more likely than the other. Our
theory thus provides an intuitive picture as to why clas-
sical definitions of stochastic actions for additive-noise
systems cannot be simply generalized to systems with
multiplicative noise [4].
Our work elucidates the geometry behind mathemat-
ical attempts to obtain a finite limiting-ratio for pairs
of sojourn probabilities [3, 5, 8, 9]. These works do not
consider the sojourn probability to remain within a mov-
ing ball (defined with respect to the standard Euclidean
norm) centered at a reference path, but instead the so-
journ probability to remain within more complicated geo-
metrical shapes, which are not necessarily centered at the
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reference path. Because these definitions of the tubular
neighborhood use the diffusion tensor of the underlying
stochastic dynamics, this tensor needs to be known to
measure such finite-radius sojourn probabilities in an ex-
periment. More so, from an experimental point of view
it is more natural to simply consider a constant-radius
tube with respect to the metric of the ambient Euclidean
space. The corresponding sojourn probability is, for one-
dimensional systems, quantified by our explicit results
Eqs. (27), (28).
While limiting ratios of sojourn probabilities for arbi-
trary pairs of paths do not leads to finite results, a pair
consisting of forward and reverse path does. This implies
that limits of sojourn probabilities can be used to quan-
tify irreversibility along individual paths, and indeed for
N = 1 our results recover established formulas for the
path-wise entropy production [25, 33, 38].
Besides discussing the technical difficulties and ambi-
guities arising from trying to define vanishing-radius lim-
its of sojourn probabilities for systems with multiplica-
tive noise, our work focuses on considering finite-radius
tubes. From a mathematical perspective, instead of try-
ing to introduce a probability density on the space of all
continuous functions, we evaluate the probability mea-
sure induced on that space by Langevin dynamics. Be-
cause of this there is no need to consider any limiting
procedures in our theory, and indeed it has been shown
that for Langevin dynamics with multiplicative noise a
probability density on the space of all continuous paths
does not even exist [4].
From a physical point of view, considering the finite-
radius tubular ensemble also makes sense. The prob-
ability to observe a given individual stochastic trajec-
tory vanishes, so that it is not straightforward to quan-
tify it in an experiment. The probability to observe any
stochastic trajectory of the finite-radius tubular ensem-
ble is positive, and hence is directly accessible in experi-
ment, simply by counting how many stochastic trajecto-
ries that started within the tube remain until a later time
[27]. Finite-radius tubes can thus be used to probe path-
properties in experiment and simulation, and indeed for
additive noise they have been used to infer both ratios of
path probabilities [28] and the entropy production along
individual paths [38].
Our results demonstrate that the most probable tube
depends sensitively on both the protocol for the time-
dependence of the tube radius, and on the size of the
tube. Thus, because in practice there is typically a finite
amount of deviation from a reference path one is willing
to tolerate, considering the single most probable path in
general does not yield physically relevant results. The
concept of the most probable tube will be useful for un-
derstanding in more depth the properties of transition
paths [17, 18, 22], for example by investigating how a
small time-dependent tube radius can be chosen so as to
capture as many transition paths as possible.
Another interesting direction for future research is
considering the ratio of sojourn probabilities for for-
ward/reverse path pairs also at finite tube radius, and
relate the resulting expression to the path integral of the
path-wise entropy production over all stochastic trajec-
tories in the corresponding tubular ensemble. This will
yield a generalization of the path-wise entropy produc-
tion [24–26, 38] to tubes.
To date, for multiplicative noise and dimension N ≥ 2,
no explicit representation in terms of a, D is available
for the exit rate Eq. (7) from a tube with small-but-finite
constant radius (defined via the standard Euclidean met-
ric). Since this exit rate is arguably the most straightfor-
ward experimental observable to quantify the probability
of a given pathway, an important next step will be calcu-
lating explicit expressions for the exit rate, in terms of a,
D, also for dimensions larger than N = 1. From our re-
sults for one-dimensional systems, it is expected that the
R0 contribution to the resulting exit rate will be different
from the Stratonovich Lagrangian [3].
In summary, our theory on sojourn probabilities for dif-
fusive stochastic dynamics provides a comprehensive and
physical picture of the rather technical literature on path
probabilities for systems with state-dependent noise, re-
lates the concept of path probabilities to measurement,
and in particular for the first time quantifies the prob-
ability for a stochastic trajectory to remain within a
constant-radius tube around a twice continously differ-
entiable reference path.
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Appendix A: Exit rate for the N-dimensional FPE
in terms of instantaneous spectrum
In the present appendix, we derive the expression
Eq. (7) for the exit rate from a tube with time-dependent
radius R(t) around a path ϕ(t) for the Langevin dynam-
ics. The present derivation is a generalization of a calcu-
lation from Ref. [27] for the exit rate for Langevin dynam-
ics with additive noise and a noise matrix proportional to
the unit matrix; we will only highlight the differences to
this previous derivation, and refer the reader to Ref. [27]
for more details. Throughout this appendix, we assume
that ϕ is twice countinuously differentiable, and use the
standard Euclidean norm ||x||2 ≡
√
x21 + x
2
2 + · · ·+ x2N
to define the tube around ϕ.
1. FPE in dimensionless streaming coordinates
To eliminate the time-dependence of the spatial do-
main Eq. (16), we introduce the dimensionless streaming
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variables
t˜(t) ≡ t
τD
, x˜(x, t) ≡ x−ϕ(t)
R(t)
, (A1)
where τD ≡ L2/D0 is the time scale on which a particle
diffuses over the typical length scale L of the external
force a with a typical diffusive scale D0. The domain for
x˜ is then independent of time and given by the unit ball,
x˜ ∈ B˜ ≡ { x˜ ∣∣ ||x˜||2 < 1} . (A2)
We furthermore define a dimensionless probability den-
sity P˜ ϕ , a dimensionless drift a˜ and diffusion ten-
sor D˜, and a dimensionless path ϕ˜ as P˜ ϕ (x˜, t˜) ≡
R(t)NP ϕR (x, t), a˜(x˜, t˜) ≡ τDa (x, t) /L, D˜(x˜, t˜) ≡
D (x, t) /D0, ϕ˜(t˜) ≡ ϕ(t)/L, where (x, t) and (x˜, t˜) are
related as defined in Eq. (A1). Here and below, dimen-
sionless quantities are always indicated by a tilde. In
dimensionless form the FPE, Eq. (15), becomes
˜2 ∂t˜P˜
ϕ
 = F˜appP˜ ϕ , (A3)
with the dimensionless time-dependent tube radius
˜(t˜) ≡ R(t˜)
L
, (A4)
and the dimensionless apparent Fokker-Planck (FP) op-
erator F˜app, given by
F˜appP˜ ϕ ≡ −˜ ∇˜i
(
a˜app,iP˜
)
+ ∇˜i∇˜j
(
D˜ijP˜
)
(A5)
the derivative with respect to x˜ is given by ∇˜j ≡ ∂/∂x˜j =
R∂/∂xj , and where the apparent drift is given by
a˜app = a˜− ˙˜ϕ− ˙˜ x˜. (A6)
A dot over a function in dimensionless (dimensional) form
always signifies a derivative with respect to dimension-
less (dimensional) time. For example, ϕ˙ = L/τD ˙˜ϕ and
R˙/L = ˙˜/τD. Dots are used interchangeably with the
symbols ∂t, ∂t˜. As can be seen directly from Eq. (A6),
with respect to the coordinate system (x˜, t˜), the velocity
of the path ϕ acts as a fictitious spatially constant drift
inside the tube, and the change in tube radius leads to
a fictitious linear drift. Since these are apparent drift
terms, which are due to our choice of coordinate system,
we call a˜app the apparent drift and F˜app the apparent
FP operator.
In dimensionless streaming coordinates, the time-
depedendent absorbing boundary condition at x˜ ∈
∂BϕR(t) becomes
P˜ ϕ (x˜, t˜) = 0 ∀ ||x˜||2 = 1, (A7)
which is independent of time. This is the principal ad-
vantage of using streaming coordinates.
2. Approximate solution of the FPE
We expand the probability distribution P˜ ϕ in Eq. (A3)
in terms of the instantaneous FP eigenstates ρ˜n(x˜, t˜) as
P˜ ϕ (x˜, t˜) =
∞∑
m=1
a˜m(t˜)ρ˜m(x˜, t˜). (A8)
At time t˜ the eigenvalues −λ˜n(t˜) and eigenfunctions
ρ˜n(x˜, t˜) of the apparent dimensionless FP operator
F˜app(t˜) fulfill the eigenvalue equation
F˜app(t˜)ρ˜n(x˜, t˜) = −λ˜n(t˜)ρ˜n(x˜, t˜) (A9)
and the absorbing boundary conditions ρ˜n(x˜, t˜) = 0 for
||x˜|| = 1. We assume the eigenvalues to be ordered,
i.e. λ˜n ≤ λ˜m for n < m, and due to the absorbing bound-
ary condition we have λ˜1 > 0. We assume that at any
time t˜ there exists an instantaneous steady-state solution
ρ˜ss(x˜, t˜) of Eq. (A3) with reflecting boundary conditions
at ||x˜||2 = 1. We do not require ρ˜ss to be normalized, and
in App. B discuss a perturbative approach to calculating
ρ˜ss as a power series in ˜. Using the instantaneous steady-
state ρ˜ss we introduce the instantaneous inner product
〈f, g〉 ≡
∫
B˜
dN x˜ f(x˜)g(x˜)/ρ˜ss(x˜, t˜). (A10)
With respect to this inner product, the FP operator F˜app
is self-adjoint so that the absorbing-boundary eigenfunc-
tions ρ˜n can be chosen orthogonal at each time t˜ [39].
Expanding the probability distribution P˜ ϕ in Eq. (A3)
in terms of the instantaneous FP eigenstates, as given by
Eq. (A8), and projecting the equation onto ρ˜n using the
inner product Eq. (A10), yields
− ˙˜an = λ˜n
˜2
a˜n +
∞∑
m=1
〈ρ˜n, ˙˜ρm〉
〈ρ˜n, ρ˜n〉 a˜m, (A11)
where n ∈ N and a dot here denotes a derivative with
respect to t˜. Because the apparent FP operator is time-
dependent, both the eigenvalues λ˜n and the inner prod-
ucts 〈ρ˜n, ˙˜ρm〉, 〈ρ˜n, ρ˜n〉, are functions of t˜. The FPE,
Eq. (15), with absorbing boundary conditions is equiva-
lent to Eq. (A11); once the latter is solved, the dimen-
sionless probability density inside the tube is obtained
from Eq. (A8), which can be recast in physical units us-
ing the definitions of the dimensionless quantities given
in Sect. A 1.
Since F˜app depends on ˜, so do λ˜n, 〈ρ˜n, ˙˜ρm〉, 〈ρ˜n, ρ˜n〉,
which appear in Eq. (A11). From Eq. (A5) it is appar-
ent that the ratio of the off-diagonal to diagonal terms in
Eq. (A11) is at least of order ˜2. Thus, mode-coupling ef-
fects are sub-dominant and the uncoupled dynamics pro-
vides a good first approximation for small ˜. In the con-
text of time-dependent perturbation theory in quantum
mechanics, this is known as the adiabatic approximation
[41].
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While Eq. (A11) looks identical to the corresponding
equation in Ref. [27], there are two important differences.
First, in the present work we consider a time-dependent
˜, whereas in Ref. [27] the tube radius was assumed con-
stant. Second, because of the state-dependent noise ma-
trix in Eq. (A5), the spectrum of the FPE in general
depends on t˜ also to lowest order in ˜; by contrast, in
Ref. [27], the spectrum was to lowest order independent
of t˜. Thus, while in this previous work mode-coupling
effects were only relevant at order ˜3, in the present
work they can become relevant already at order ˜2. Tak-
ing these two differences into account, the derivation of
an approximate propagator for Eq. (A11) carried out in
Ref. [27] is straightforwardly applied also in the present
scenario, and leads to
P˜ ϕ ( x˜, t˜
∣∣ x˜i, t˜i ) = exp[−∫ t˜
t˜i
dt˜ ′
Λ˜1(t˜
′)
˜2(t˜ ′)
]
1
ρ˜ss(x˜i, t˜i)〈ρ˜1, ρ˜1〉|t˜i
(A12)
×
[
ρ˜1(x˜, t˜)−
∞∑
m=2
˜2(t˜)
∆Λ˜m1(t˜)
〈ρ˜m, ˙˜ρ1〉
〈ρ˜m, ρ˜m〉
∣∣∣∣
t˜
ρ˜m(x˜, t˜)
][
ρ˜1(x˜i, t˜i)−
∞∑
m=2
˜2(t˜i)
∆Λ˜m1(t˜i)
〈ρ˜1, ˙˜ρm〉
〈ρ˜m, ρ˜m〉
∣∣∣∣
t˜i
ρ˜m(x˜i, t˜i)
]
+O(˜4),
where
Λ˜n ≡ λ˜n + ˜2 〈ρ˜n,
˙˜ρn〉
〈ρ˜n, ρ˜n〉 , (A13)
∆Λ˜mn ≡ Λ˜m − Λ˜n. (A14)
The approximate FP propagator Eq. (A12) and valid af-
ter an initial decay time τ˜rel given by
t˜− t˜i & τ˜rel ≡ ˜
2
∆Λ21
, (A15)
and neglects terms that are exponentially small as com-
pared to the terms present in Eq. (A12). In contrast to
its counterpart in Ref. [27], the propagator Eq. (A12) i)
features a time-dependent ˜, and ii) is valid only to order
˜3.
Using Eq. (A12), we can express the solution for an
arbitrary initial distribution P˜i inside the tube as
P˜ ϕ (x˜, t˜
∣∣ X˜t˜i ∼ P˜i) = ∫
B˜
dN x˜i P˜
ϕ
 (x˜, t˜
∣∣ x˜i, t˜i)P˜i(x˜i),
(A16)
from which the survival probability, Eq. (17), follows in
dimensionless form as
P˜ ϕ (t˜
∣∣ X˜t˜i ∼ P˜i) = ∫
B˜
dN x˜ P˜ ϕ (x˜, t˜
∣∣ X˜t˜i ∼ P˜i). (A17)
3. Exit rate
For a particle starting at time ti according to a distri-
bution Xti ∼ Pi inside the tube, the instantaneous exit
rate is given by Eq. (18). Using the dimensionless quanti-
ties defined in Sect. A 1, the dimensionless instantaneous
exit rate is given as
α˜ϕ (t˜) ≡ τD αϕR(t) = −
˙˜P ϕ (t˜)
P˜ ϕ (t˜)
, (A18)
where the dot denotes a derivative with respect to t˜, and
P˜ ϕ (t˜) ≡ P˜ ϕ ( t˜ | X˜t˜i ∼ P˜i ) is the survival probability
in dimensionless form, with P˜i(x˜) = R(ti)NPi(x). Using
the steady-state FP solution Eqs. (A12-A17), the exit
rate Eq. (A18) is evaluated to yield
α˜ϕ =
λ˜1
˜2
+
〈ρ˜1, ˙˜ρ1〉
〈ρ˜1, ρ˜1〉 −
∂t˜
(
I˜1 − ˜2S˜
)
I˜1 − ˜2S˜
+O(˜4), (A19)
with
I˜n(t˜) ≡
∫
B˜
dN x˜ ρ˜n(x˜, t˜), (A20)
S˜(t˜) ≡
∞∑
m=2
1
∆Λ˜m1(t˜)
〈ρ˜m, ˙˜ρ1〉
〈ρ˜m, ρ˜m〉
∣∣∣∣
t˜
I˜m(t˜). (A21)
Equation (A19), which is valid after the initial tran-
sient decay time τ˜rel defined in Eq. (A15), is independent
of the initial distribution P˜i; this is because in Eq. (A12)
the initial condition only contributes an overall prefac-
tor independent of (x˜, t˜), which does not affect the rel-
ative change of particles inside the tube quantified by
Eq. (A18). With Eq. (A19) the instantaneous exit rate
is expressed solely in terms of the instantaneous FP spec-
trum inside the tube. Expanding the quantities that ap-
pear in Eq. (A19) in powers of ˜, and using the symmetry
properties of these quantities, c.f. App. B, a power series
expansion of the exit rate is obtained as
α˜ϕ =
λ˜
(0)
1
˜2
+ α˜ϕ,(0) + ˜2α˜ϕ,(2) +O(˜4), (A22)
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where
α˜ϕfree =
λ˜
(0)
1
˜2
, (A23)
α˜ϕ,(0) = λ˜
(2)
1 +
〈ρ˜1, ˙˜ρ1〉(0)
〈ρ˜1, ρ˜1〉(0) −
˙˜I(0)1
I˜(0)1
(A24)
α˜ϕ,(2) = λ˜
(4)
1 +
〈ρ˜1, ˙˜ρ1〉(2)
〈ρ˜1, ρ˜1〉(0) −
〈ρ˜1, ˙˜ρ1〉(0)
〈ρ˜1, ρ˜1〉(0)
〈ρ˜1, ρ˜1〉(2)
〈ρ˜1, ρ˜1〉(0)
(A25)
−
˙˜I(2)1 − ˙˜S(0)
I˜(0)1
− I˜
(2)
1 − S˜(0)
I˜(0)1
(
2
˙˜
˜
−
˙˜I(0)1
I˜(0)1
)
,
with
I˜(k)n (t˜) ≡
∫
B˜
dN x˜ ρ˜(k)n (x˜, t˜), (A26)
we note again that for the perturbative calculation of
the spectrum we assume that ˙˜/˜ scales as ˜0, and by a
superscript (k) we denote the k-th order contribution to
a perturbation series in ˜, e.g.
S˜ =
∞∑
k=0
˜kS˜(k). (A27)
Using Eq. (A18) the exit rate in physical units, Eq. (7),
is obtained from Eqs. (A22-A25); according to Eq. (A18),
a scaling ˜k in α˜ϕ (dimensionless form) translates to a
scaling Rk in αϕR (physical units). According to Eq. (A5)
the instantaneous FP spectrum depends on (ϕ, ϕ˙, R, R˙);
because of the additional time derivatives in Eqs. (A25),
(A24), the terms may additionally depend on ϕ¨ and R¨.
Equations (A22-A25), express the exit rate α˜ϕ fully in
terms of the perturbative spectrum of the FP operator
inside the tube. If the noise is additive (i.e. independent
of position) and if the tube radius is constant, R˙ = 0,
then the exit rate reduces to the previous result from
Ref. [27].
In App. B we derive the equations which determine the
perturbation expansion of the FP spectrum, and in par-
ticular show that at time t˜ = t/τD, Eq. (A23) is the
steady-state free-diffusion exit rate from a ball of ra-
dius R(t) and with diffusion tensor D(ϕ(t), t). Equa-
tion (A22) thus show explicitly that for small tube ra-
dius ˜  1, the exit from the tube is dominated by this
instantaneous steady-state free-diffusion exit rate.
Appendix B: The N-dimensional FP spectrum
In the present appendix we derive the perturbative
equations for the instantaneous spectrum of the dimen-
sionless FP operator Eq. (A3) inside the tube. The
present calculation generalizes a conceptually similar cal-
culation from Ref. [27], so that we only sketch it here and
refer the reader to the reference for more details.
1. Perturbation theory for the N-dimensional FP
spectrum
Taylor expansion of drift and noise. The multidimen-
sional Taylor expansion of the drift a around the tube
center ϕ(t) is given by
a(x, t) =
∞∑
k=0
1
k!
N∑
α1,...,αk=1
∂ka
∂xα1 ...∂xαk
∣∣∣∣
(ϕ(t),t)
(B1)
× (x−ϕ(t))α1 ...(x−ϕ(t))αk ,
where (x−ϕ(t))αi ≡ xαi−ϕαi(t) is the αi-th component
of the vector x−ϕ(t). Substituting this Taylor expansion
into the dimensionless variables from Sect. A 1, we obtain
a˜app(x˜, t˜) = −
∞∑
k=1
k−1k (B2)
×
N∑
α1,...,αk−1=1
E˜k,α1...αk−1(t˜)x˜α1 ... x˜αk−1
≡ −
∞∑
k=1
k−1k E˜k,α(t˜)x˜α (B3)
where we use the Einstein sum convention for the indices
α ≡ (α1, ..., αk−1), abbreviate x˜α ≡ x˜α1 ... x˜αk−1 , and the
vector-valued (k − 1)-multilinear form E˜k is defined as
E˜k,α1...αk−1(t˜) ≡ −
1
k!
Lk−1τD
∂k−1a
∂xα1 ...∂xαk−1
∣∣∣∣
(ϕ(t),t)
(B4)
+ δk,1 ˙˜ϕ(t˜) +
δk,2
2
˙˜(t˜)
˜(t˜)
where dimensionless quantities (as indicated by a tilde)
and quantities with physical dimensions are related as
defined in Sect. A 1. We recall that we assume ˙˜/˜ scales
as ˜0.
Similarly to a˜, by Taylor expansion of the diffusion ten-
sor elements Dij around the tube center ϕ(t) we obtain
an expansion
D˜ij(x˜, t˜) =
∞∑
k=0
˜kD˜(k)ij,α1...αk x˜α1 ...x˜αk , (B5)
where
D˜(k)ij,α1...αk(t˜) ≡
Lk
k!D0
∂kDij
∂xα1 ...∂xαk
∣∣∣∣
(ϕ(t),t)
. (B6)
Hierarchy of equations for the spectrum. Inserting
the power series Eqs. (B3), (B5), into the eigenvalue
Eq. (A9), expanding both the instantaneous eigenvalues
and eigenfunctions as power series in ,
λ˜n =
∞∑
k=0
˜kλ˜(k)n , ρ˜n =
∞∑
k=0
˜kρ˜(k)n , (B7)
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and demanding that the resulting equation hold at each
power ˜k, we obtain a hierarchy of equations for the spec-
trum. For the n-th eigenvalue/eigenfunction pair at order
˜k, this yields
D˜(0)ij ∇˜i∇˜j ρ˜(k)n + λ˜(0)n ρ˜(k)n = −
k∑
l=1
λ˜(l)n ρ˜
(k−l)
n (B8)
−
k∑
l=1
l E˜il,α∇˜i
(
x˜αρ˜
(k−l)
n
)
−
∑
m≥0
l≥1
l+m=k
D˜(l)ij,α ∇˜i∇˜j
[
x˜αρ˜
(m)
n
]
where we use the convention that for k = 0, the sums on
the right-hand side are zero. For the absorbing bound-
ary conditions to be fulfilled independently of ˜, they
need to hold at each order separately, so that for all
k ∈ {0, 1, 2, ...} we have
ρ˜(k)n (x˜, t˜) = 0 ∀ x˜ ∈ ∂B˜ ≡
{
x˜
∣∣ ||x˜||2 = 1} . (B9)
While any solution to Eqs. (B8), (B9) can be used in
practice for the spectrum, the solution to these equations
is not unique. To fix the solution uniquely, we introduce
a normalization condition 〈ρ˜n, ρ˜n〉 = 1, where the inner
product is defined in Eq. (A10). Inserting the power se-
ries expansion Eq. (B7) for the eigenfunction into this
normalization condition, and demanding that the condi-
tion hold at each power of ˜, we obtain for k = 0 that∫
B˜
dN x˜ ρ˜(0)n ρ˜
(0)
n = 1, (B10)
while for k ≥ 1 we have that∫
B˜
dN x˜ ρ˜(k)n ρ˜
(0)
n (B11)
= −1
2
k−1∑
l=0
k−max{1,l}∑
m=0
∫
B˜
dN x˜ ρ˜(l)n ρ˜
(m)
n
(
ρ˜−1ss
)(k−l−m)
,
where we use the convention that for k = 1 the sum on
the right-hand side is zero and the expansion of ρ˜−1ss in
powers of ˜ is discussed in App. B 2. Note that for any
k, only perturbation terms ρ˜(l)n with l < k appear on the
right-hand side of Eq. (B11).
Equations (B8), (B9), (B10), (B11), constitute a closed
system of equations that can be solved recursively to ob-
tain the spectrum to arbitrary order.
At order k = 0, the right-hand side of Eq. (B8) van-
ishes, so that the equation is reduced to the eigenvalue
equation of the anisotropic Laplace operator,
D˜(0)ij ∇˜i∇˜j ρ˜(0)n = −λ˜(0)n ρ˜(0)n . (B12)
Thus, λ˜(0)n , ρ˜
(0)
n is the spectrum of the anisotropic Laplace
operator in a unit ball with absorbing boundary condi-
tions, and where we assume that ρ˜(0)n has been normalized
according to Eq. (B10). From Eq. (B12) we see that, at
time t˜, to lowest order the spectrum is that of free diffu-
sion with a diffusion tensor D˜(0)ij (t˜) ≡ Dij(ϕ(t), t)/D0;
in particular, λ˜(0)1 is the corresponding instantaneous
steady-state free-diffusion exit rate. Using Eq. (A23),
the definition of the function f in Eq. (8) thus follows.
Note that because the diffusion matrix Dij is by defi-
nition symmetric, it can be diagonalized via an eigen-
basis that is orthonormal with respect to the standard
Euclidean inner product. By expressing Eq. (B12) with
respect to such an eigenbasis of Dij , and subsequently
rescaling each axis by the corresponding eigenvalue, it
is seen that the equation is equivalent to the eigenvalue
equation for the Laplace operator in an N -dimensional
ellipsoid (and with absorbing boundary conditions).
Assuming the spectrum has been obtained up to or-
der k − 1, the contribution at order k is calculated as
follows [27]. An equation for λ˜(k)n is obtained by multi-
plying Eq. (B8) with ρ˜(0)n , and subsequently integrating
over x˜. Upon integrating the result by parts and using
the absorbing boundary conditions Eq. (B9), it follows
that the equation is in fact independent of ρ˜(k)n and can
be solved directly for λ˜(k)n , leading to
λ˜(k)n = −
k−1∑
l=1
λ˜(l)n
∫
B˜
dN x˜ ρ˜(0)n ρ˜
(k−l)
n (B13)
−
k∑
l=1
l
∫
B˜
dN x˜ ρ˜(0)n E˜
i
l,α∇˜i
(
x˜αρ˜
(k−l)
n
)
,
−
∑
m≥0
l≥1
l+m=k
D˜(l)ij,α
∫
B˜
dN x˜
[
ρ˜(0)n ∇˜i∇˜j
(
x˜αρ˜
(m)
n
)]
where we used the normalization condition Eq. (B10) for
ρ˜
(0)
n . Since the right-hand only depends on λ˜
(l)
n , ρ˜
(l)
n with
l < k, this equation can be used to calculate the order k
eigenvalue contribution in terms of the lower-order con-
tributions.
Once λ˜(k)n has been obtained via Eq. (B13), the right-
hand side of Eq. (B8) is known, so that to obtain ρ˜(k)n
the inhomogeneous anisotropic Helmholtz Eq. (B8) with
boundary conditions Eq. (B9) has to be solved. In App. C
we calculate the lowest-order contributions to the spec-
trum for N = 1 explicitly. Before that we now estab-
lish some general properties of the spectrum which fol-
low from parity symmetry, and discuss the perturbation
series of ρ˜ss.
Parity properties of the spectrum. We introduce the
parity operator P˜, defined by its action on a function f
as
(P˜f)(x˜) ≡ f(−x˜). (B14)
Consequently, for products of functions f , g, it holds that
P˜(fg) = (P˜f)(P˜g), and for partial derivatives we have
P˜∇˜i = −∇˜i. The operator P˜ therefore commutes with
any two derivatives, P˜∇˜i∇˜j = ∇˜i∇˜jP˜, so that we can
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assume that the eigenfunctions ρ˜(0)n also diagonalize P˜,
i.e.
P˜ ρ˜(0)n = pn ρ˜(0)n , (B15)
with pn ∈ {−1, 1}. As in Ref. [27], via induction in k it
follows from Eqs. (B8), (B9), (B13), (B15), that
λ˜(k)n = 0 for k odd, (B16)
and furthermore that
P˜ ρ˜(k)n = (−1)kpn ρ˜(k)n . (B17)
Thus, ρ˜(k)n has the same parity as ρ˜
(0)
n if k is even, and
the opposite parity as ρ˜(0)n if k is odd.
2. Perturbation theory for the reflecting-boundary
steady state
In the present section we discuss the perturbative cal-
culation and parity properties of both the steady state
ρ˜ss and its multiplicative inverse ρ˜−1ss ≡ 1/ρ˜ss.
Perturbative calculation of ρ˜ss. According to Eq. (A5),
the instantaneous formal steady state ρ˜ss is the solution
of the boundary value problem
∇˜iJ˜ss,i = 0, (B18)
with boundary condition[
nˆiJ˜ss,i
]∣∣∣
∂B˜
= 0, (B19)
where nˆi is the i-th component of the outward-pointing
unit normal vector nˆ on ∂B˜, and where
J˜ss,i = ˜ a˜app,i ρ˜ss − ∇˜j
(
D˜ij ρ˜ss
)
. (B20)
Similar to the discussion of the spectrum in Sect. B 1,
we now derive the determining equations for the per-
turbative expansion for ρ˜ss. Substituting the power se-
ries expansion Eqs. (B3), (B5) of a˜app,i and b˜ij , into
Eqs. (B18), (B20), expanding the instantaneous steady
state as power series in ˜,
ρ˜ss =
∞∑
k=0
˜kρ˜(k)ss , (B21)
and demanding that the resulting equation hold at each
power ˜k, we obtain from Eq. (B18) a hierarchy of equa-
tions which at order ˜k reads
D˜(0)ij ∇˜i∇˜j ρ˜(k)ss = −
k∑
l=1
l E˜il,α ∇˜i
(
x˜αρ˜
(k−l)
ss
)
(B22)
−
∑
m≥0
l≥1
l+m=k
D˜(l)ij,α ∇˜i∇˜j
[
x˜αρ˜
(m)
n
]
,
where we use the convention that for k = 0, the sums
on the right-hand side are zero. Inserting the power se-
ries expansions Eq. (B3), (B5), (B21), into the boundary
condition Eq. (B19), and demanding that the resulting
equation be fulfilled at each power ˜k, we obtain
0 =−
k∑
l=1
l E˜il,α
[
nˆi
(
x˜αρ˜
(k−l)
ss
)]∣∣∣∣∣
x˜∈∂B˜
(B23)
−
∑
l,m≥0
l+m=k
D˜(l)ij,α
[
nˆi∇˜j
(
x˜αρ˜
(m)
n
)]∣∣∣∣∣
x˜∈∂B˜
,
where k ≥ 0 and we use the convention that for k = 0,
the first sum on the right-hand side is zero.
While at order ˜0, the (unnormalized) solution to
Eqs. (B22), (B23) is simply given by ρ˜(0)ss = 1, for k ≥ 1
the equations have to be solved recursively, similar to the
spectrum in Sect. B 1.
Parity properties of the ρ˜(k)ss . Similar to the parity
properties of the FP spectrum, via induction in k it can
be shown that P˜ ρ˜(k)ss = (−1)kρ˜(k)ss , where the parity op-
erator P˜ is defined in Eq. (B14).
Perturbative calculation and parity properties of ρ˜−1ss .
Substituting the power series expansion Eq. (B21) of ρ˜ss
and the expansion
ρ˜−1ss =
∞∑
k=0
˜k
(
ρ˜−1ss
)(k)
, (B24)
into the definition of the inverse, ρ˜ss ρ˜−1ss = 1, and de-
manding that the equation hold at any order of ˜, we
obtain a recursive system of equations for the expansion
of ρ˜−1ss [27]. From this system of equations and the parity
properties of ρ˜(k)ss it follows that
P˜
[(
ρ˜−1ss
)(k)]
= (−1)k (ρ˜−1ss )(k) (B25)
for all k.
3. Properties of power series expansions derived
from parity
In the present section we give the parity properties
of perturbation series relevant for the calculation of the
exit rate Eq. (A19). Similar properties are derived in
Ref. [27]; in contrast to the reference, where ρ˜(0)1 is inde-
pendent of time, for multiplicative noise ρ˜(0)1 can depend
on time.
Integral over FP eigenfunction. The spatial integral
over ρ˜(k)n is denoted by I˜(k)n and defined by Eq. (A26).
From the parity properties of ρ˜(k)n , Eq. (B17), it follows
that
I˜(k)n = 0 if
{
k odd and pn = 1,
k even and pn = −1. (B26)
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In particular, it follows from i) the definite parity of ρ˜(0)1 ,
ii) the equivalence of Eq. (B12) to a Laplace equation
in an N -dimensional ellipsoid, and iii) the fact that the
lowest eigenvalue of the Laplace operator is non-negative
[45], that we have
I˜1 = I˜(0)1 + ˜2I˜(2)1 + ˜4I˜(4)1 +O(˜6). (B27)
Inner product of FP eigenfunctions. The power series
expansion of the inner product 〈ρ˜n, ρ˜m〉 is given by
〈ρ˜n, ρ˜m〉 =
∞∑
l=0
˜l〈ρ˜n, ρ˜m〉(l), (B28)
where
〈ρ˜n, ρ˜m〉(l) =
∑
i,j,k≥0
i+j+k=l
∫
B˜
dN x˜ ρ˜(i)n ρ˜
(j)
m
(
ρ˜−1ss
)(k) (B29)
with the power series expansions Eq. (B7), (B24). Ap-
plying the parity operator to the integrand, it follows
that
〈ρ˜n, ρ˜m〉(l) = 0 if
{
l odd and pnpm = 1,
l even and pnpm = −1. (B30)
In particular, we have
〈ρ˜n, ρ˜n〉 = 〈ρ˜n, ρ˜n〉(0)+˜2〈ρ˜n, ρ˜n〉(2)+˜4〈ρ˜n, ρ˜n〉(4)+O(˜6)
(B31)
for any n.
Inner product of FP eigenfunctions including time
derivative. Because a time derivative does not change
spatial parity, similar to the previous case it holds that
〈ρ˜n, ˙˜ρm〉(l) = 0 if
{
l odd and pnpm = 1,
l even and pnpm = −1, (B32)
In particular, for any n we have
〈ρ˜n, ˙˜ρn〉 = 〈ρ˜n, ˙˜ρn〉(0) + ˜2〈ρ˜n, ˙˜ρn〉(2) +O(˜4). (B33)
Appendix C: Explicit results for one-dimensional
systems
In the present section, we derive explicit results for
one-dimensional systems, N = 1.
1. Perturbation series for the 1D FPE
For N = 1, the the apparent dimensionless FP opera-
tor Eq. (A5) is given by
F˜appP˜ ≡ −˜ ∂x˜
[
a˜appP˜
]
+ ∂2x˜
[
D˜P˜
]
(C1)
where the dimensionless apparent drift is given by
a˜app = a˜− ˙˜x˜− ˙˜ϕ. (C2)
We now consider the instantaneous dimensionless
eigenvalue equation Eq. (A9) with absorbing boundary
conditions, ρ˜n(x˜ = ±1, t˜) ≡ 0. For N = 1, the power
series expansion Eq. (B3) for the dimensionless apparent
drift becomes
a˜app(x˜, t˜) ≡ −
∞∑
k=1
˜k−1kE˜kx˜k−1, (C3)
with
E˜k(t˜) ≡ −L
k−1τD
k!
∂k−1a
∂xk−1
∣∣∣∣
(ϕ(t),t)
+ δk,1ϕ˙(t˜) +
δk,2
2
˙˜(t˜)
˜(t˜)
,
(C4)
where we recall that here we assume that ˙˜/˜ scales as
˜0. The expansion Eq. (B6) of the dimensionless diffusion
coefficient, is given as
D˜(x˜, t˜) ≡
∞∑
k=0
˜k(t˜)D˜k(t˜)x˜k, (C5)
with
D˜k(t˜) ≡ D˜(k)(t˜) ≡ 1
k!
Lk
D0
∂kD
∂xk
∣∣∣∣
(ϕ(t),t)
. (C6)
For a one-dimensional system, the hierarchy of equations
for (λ˜(k)n , ρ˜
(k)
n ), given by Eq. (B8), becomes
∂2x˜ρ˜
(k)
n +
λ˜
(0)
n
D˜0
ρ˜(k)n = −
1
D˜0
k∑
l=1
λ˜(l)n ρ˜
(k−l)
n (C7)
− 1D˜0
k−1∑
l=0
D˜k−l∂2x˜
(
x˜k−lρ˜(l)n
)
− 1D˜0
k∑
l=1
lE˜l∂x˜
[
x˜l−1ρ˜(k−l)n
]
,
where we use the convention that for k = 0, the sums
on the right-hand side are zero. The corresponding
absorbing boundary conditions Eq. (B9) are given by
ρ˜
(k)
n (x˜ = −1, t˜) = ρ˜(k)n (x˜ = 1, t˜) = 0. Equation (C7)
generalizes Eq. (C4) of Ref. [27], to which it reduces for
a system with position-independent constant diffusivity
D(x, t) ≡ D0.
To solve Eq. (C7) recursively, the same algorithm as
used in Ref. [27] for calculating the spectrum in the
constant-diffusivity scenario is applicable. For complete-
ness, we now give the lowest order contributions.
As shown in App. B, for k odd we have λ˜(k)n = 0; for k
even the first three terms are given by
λ˜(0)n = D˜0
(npi
2
)2
, (C8)
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D˜0λ˜(2)n =
E˜21
4
− D˜0E˜2 + 1
16
(−pi2n2 + 3) D˜21 (C9)
+
1
12
(
pi2n2 − 6) D˜0D˜2 + 1
2
D˜1E˜1,
D˜30λ˜(4)n =
(
1
8
− 3
8pi2n2
)
D˜21E˜21 +
(
1
3
− 2
pi2n2
)
D˜20E˜22
+
(
1
2
− 3
pi2n2
)
D˜20E˜1E˜3 +
(
1
4
− 3
4pi2n2
)
D˜31E˜1
+
(
−1
2
+
3
2pi2n2
)
D˜0D˜1E˜1E˜2 +
(
−2 + 12
pi2n2
)
D˜30E˜4
+
(
− 1
12
+
1
2pi2n2
)
D˜0D˜2E˜21 +
(
1− 3
2pi2n2
)
D˜20D˜1E˜3
+
(
−1
2
+
3
2pi2n2
)
D˜0D˜21E˜2 +
(
2
3
− 4
pi2n2
)
D˜20D˜2E˜2
+
(
−2
3
+
5
2pi2n2
)
D˜0D˜1D˜2E˜1 +
(
1
2
− 3
pi2n2
)
D˜20D˜3E˜1
+
(
3
32
− 9
32pi2n2
− pi
2n2
64
)
D˜41 (C10)
+
(
− 7
16
+
pi2n2
16
+
3
2pi2n2
)
D˜0D˜21D˜2
+
(
1
4
− 3
2pi2n2
− pi
2n2
60
)
D˜20D˜22
+
(
5
8
− 3
2pi2n2
− 3pi
2n2
40
)
D˜20D˜1D˜3
+
(
−1 + 6
pi2n2
+
pi2n2
20
)
D˜30D˜4.
The perturbative contributions to the eigenfunctions
are of the form
ρ˜(k)n (x˜, t˜) = Q˜
(k)
n,s(x˜, t˜) · sin
[
n
pi
2
(x˜+ 1)
]
(C11)
+ Q˜(k)n,c(x˜, t˜) · cos
[
n
pi
2
(x˜+ 1)
]
,
where Q˜(k)n,s(x˜, t˜), Q˜
(k)
n,c(x˜, t˜) are polynomials in x˜. To or-
der ˜2, these polynomials follow as
Q˜(0)n,s(x˜) = 1, Q˜
(0)
n,c(x˜) = 0, (C12)
Q˜(1)n,s(x˜) = −
x˜2
4D˜0
(
2E˜1 + 3D˜1
)
, (C13)
Q˜(1)n,c(x˜) =
npix˜
8D˜0
(
1− x˜2) D˜1, (C14)
Q˜(2)n,s(x˜) =
x˜
384D˜20
[
48x˜2E˜21 + 240x˜
2D˜1E˜1 (C15)
+
(−24 + 252x˜2 − 3pi2n2 − 3pi2n2x˜4 + 6pi2n2x˜2) D˜21
− 192x˜2D˜0E˜2 +
(
32− 288x˜2) D˜0D˜2 ] ,
Q˜(2)n,c(x˜) =
x˜2npi
96D˜20
(
1− x˜2) [ − 6D˜1E˜1 − 15D˜21 + 8D˜0D˜2 ] ,
(C16)
where the E˜k ≡ E˜k(t˜), D˜k ≡ D˜k(t˜) are defined in
Eqs. (C4), (C6).
If the diffusivity is independent of position, D(x) ≡
D0, then D˜0 ≡ 1 and D˜k = 0 for all k ≥ 1. In that
case, Eqs. (C8-C16) reduce to the corresponding results
derived in Ref. [27].
2. Perturbative calculation of the
reflecting-boundary steady state and its
multiplicative inverse
To evaluate the inner product Eq. (A10) perturba-
tively, the power-series expansion Eq. (B24) needs to ob-
tained. The corresponding formal steady state ρ˜ss of the
dimensionless FP operator is for one-dimensional systems
given by
F˜appρ˜ss = ∂x˜
[
−˜ a˜appρ˜ss + ∂x˜
(
D˜ρ˜ss
)]
≡ 0, (C17)
with the boundary conditions[
−˜ a˜appρ˜ss + ∂x˜
(
D˜ρ˜ss
)]∣∣∣
x˜=±1
= 0. (C18)
Integrating Eq. (C17) with respect to x˜ and using
Eq. (C18), we obtain
∂x˜
(
D˜ρ˜ss
)
=
˜a˜appρ˜ss
D˜
(
D˜ρ˜ss
)
. (C19)
The solution to this first-order ODE is
D˜(x˜)ρ˜ss(x˜) = D˜0 exp
[∫ x˜
0
dy˜
˜a˜appρ˜ss
D˜
∣∣∣∣
y˜
]
(C20)
where we chose the constant of integration such that
ρ˜ss(x˜ = 0) = 1; a different choice corresponds to a rescal-
ing of the inner product. Solving Eq. (C20) for ρ˜−1ss (x˜)
and substituting the power series Eqs. (C3), (C5), we
obtain
ρ˜−1ss (x˜) =
∑∞
k=0 ˜
kD˜kx˜k
D˜0
exp
[∫ x˜
0
dy˜
∑∞
k=1 k˜
kE˜ky˜
k−1∑∞
k=0 ˜
kD˜ky˜k
]
.
(C21)
The power-series expansion Eq. (B24) of ρ˜−1ss is obtained
from Eq. (C21) by first expanding the integrand in the
exponent to the desired order in ˜, performing the inte-
gral, subsequently expanding both the exponential and
the prefactor, and finally their product to the desired
order in ˜. To order ˜2, this yields
(
ρ˜−1ss
)(0)
= 1,
(
ρ˜−1ss
)(1)
=
x˜
D˜0
(
E˜1 + D˜1
)
, (C22)
(
ρ˜−1ss
)(2)
=
x˜2
2D˜20
(
E˜21 + D˜1E˜1 + 2D˜0E˜2 + 2D˜0D˜2
)
(C23)
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where E˜k ≡ E˜k(t˜), D˜k ≡ D˜k(t˜) are defined in Eqs. (C4),
(C6).
3. Exit rate to order R2
Using the perturbative results for the spectrum and
instantaneous steady state calculated in Sects. C 1, C 2,
the dimensionless form of the exit rate Eq. (7), which is
given by Eq. (A22), is evaluated for N = 1. The resulting
terms of the perturbation series are
α˜ϕfree =
pi2D˜0
4˜2
, (C24)
D˜0 α˜ϕ,(0) = E˜
2
1
4
− D˜0E˜2 + D˜1E˜1
2
(C25)
−
(
pi2
16
− 3
16
)
D˜21 +
(
pi2
12
− 1
2
)
D˜0D˜2,
D˜30 α˜ϕ,(2) =
(
1
8
− 3
8pi2
)
D˜21E˜21 +
(
1
4
− 3
4pi2
)
D˜31E˜1 +
(
3
32
− 9
32pi2
− pi
2
64
)
D˜41 +
(
− 1
12
+
1
2pi2
)
D˜0D˜2E˜21 (C26)
+
(
−1
2
+
3
2pi2
)
D˜0D˜1E˜1E˜2 +
(
−2
3
+
5
2pi2
)
D˜0D˜1D˜2E˜1 +
(
−1
2
+
3
2pi2
)
D˜0D˜21E˜2
+
(
− 7
16
+
pi2
16
+
3
2pi2
)
D˜0D˜21D˜2 +
(
1
3
− 2
pi2
)
D˜20E˜22 +
(
2
3
− 4
pi2
)
D˜20D˜2E˜2 +
(
1
4
− 3
2pi2
− pi
2
60
)
D˜20D˜22
+
(
1
2
− 3
pi2
)
D˜20E˜1E˜3 +
(
1
2
− 3
pi2
)
D˜20D˜3E˜1 +
(
1− 3
2pi2
)
D˜20D˜1E˜3 +
(
5
8
− 3
2pi2
− 3pi
2
40
)
D˜20D˜1D˜3
+
(
−2 + 12
pi2
)
D˜30E˜4 +
(
−1 + 6
pi2
+
pi2
20
)
D˜30D˜4 +
(
1
3
− 3
pi2
)
D˜20 ˙˜E2 +
(
1
6
− 1
pi2
)
D˜20 ˙˜D2
+
(
−1
4
+
2
pi2
)
D˜0E˜1 ˙˜E1 +
(
− 5
24
+
7
4pi2
)
D˜0D˜1 ˙˜E1 +
(
− 7
24
+
3
2pi2
)
D˜0E˜1 ˙˜D1 +
(
− 3
16
+
3
4pi2
)
D˜0D˜1 ˙˜D1
+
(
1
4
− 2
pi2
)
E˜21
˙˜D0 +
(
1
2
− 13
4pi2
)
D˜1E˜1 ˙˜D0 +
(
3
16
− 3
4pi2
)
D˜21 ˙˜D0 +
(
−1
3
+
3
pi2
)
D˜0E˜2 ˙˜D0
+
(
−1
6
+
1
pi2
)
D˜0D˜2 ˙˜D0 +
(
−1
4
+
2
pi2
)
D˜0E˜21
˙˜
˜
+
(
−3
4
+
4
pi2
)
D˜0D˜1E˜1
˙˜
˜
+
(
− 7
16
+
3
2pi2
)
D˜0D˜21
˙˜
˜
+
(
1− 8
pi2
)
D˜20E˜2
˙˜
˜
+
(
2
3
− 4
pi2
)
D˜20D˜2
˙˜
˜
,
where E˜k ≡ E˜k(t˜), D˜k ≡ D˜k(t˜) are defined in Eqs. (C4),
(C6), and a dot denotes a derivative with respect to t˜.
By substituting the definitions of E˜k, D˜k, the exit rate
is fully expressed in terms of the drift and diffusion of
the 1D FPE. In particular, from Eq. (C24) we obtain the
steady-state free diffusion exit rate
αϕfree =
1
τD
α˜ϕfree =
pi2D(ϕ(t), t)
4R(t)2
, (C27)
so that the function fϕ from Eq. (8) is for N = 1 given by
fϕ(t) = pi2D(ϕ(t), t)/4 and Eq. (21) follows. The order-
R0 contribution Eq. (22) is obtained by substituting the
definitions of E˜k, D˜k into Eq. (C25) and using the drift
and diffusion of the FP Eq. (20).
4. Comparison of small-radius perturbative results
to numerical simulations
In Sect. III B we consider the exit rate Eq. (7) to order
R0 for three different scenarios, namely a constant-radius
tube, a constant free-diffusion exit rate tube, and the exit
rate related to the Stratonovich construction. By com-
paring our perturbative analytical results to order R0
with exit rates measured in numerical simulations, we in
the present section demonstrate that for all three scenar-
ios, and for the radii considered in Sect. III B, the analyt-
ical perturbative exit rate Eq. (7) to order R0 describes
perfectly the actual exit rate.
For the numerical results presented here, the dimen-
sionless form of the 1D FPE (20) with absorbing bound-
ary conditions is simulated using the forward Euler al-
gorithm described in Ref. [27]; from the resulting trajec-
tory, the exit rate is obtained via numerical evaluation of
Eq. (18).
Scenario 1: Constant radius. We now compare the an-
20
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Figure 6. Comparison of theoretical and numerical exit rates for the example system considered in Sect. III and defined in
Sect. IIIA. All subplots compare the difference between exit rates measured in numerical simulations and free-diffusion exit
rates, Eq. (C28), to the corresponding theoretical prediction αϕ,(0). For numerical results, the dimensionless form of the 1D FPE
(20) with absorbing boundary conditions is simulated using the algorithm described in Ref. [27]; from the resulting trajectory,
the exit rate is obtained via numerical evaluation of Eq. (18). Subplot (a) shows results for constant tube radius (scenario
1). The solid line depicts the theoretical result Eq. (28), the dashed line is obtained by measuring the exit rate in numerical
simulations and subtracting Eq. (27). Subplot (b) considers a time-dependent tube radius such that the free-diffusion exit rate
is constant (scenario 2). The solid line depicts the theoretical result Eq. (30), the dashed line is obtained by measuring the
exit rate in numerical simulations and subtracting Eq. (29). For comparison, the Stratonovich Lagrangian Eq. (32) is shown
as dotted line. Subplot (c) shows results for the Stratonovich construction (scenario 3). The solid line depicts the theoretical
result Eq. (32), the dashed line is obtained by measuring the exit rate in numerical simulations and subtracting the first term
from Eq. (34). For comparison, the constant free-diffusion Lagrangian Eq. (30) is shown as dotted line.
alytical exit rate Eqs. (7), (27), (28), to numerical results.
In Fig. 6 (a), we compare the deviation of the numerical
exit rate from the free-diffusion rate Eq. (27), i.e.
∆αϕR(t) = α
ϕ
R(t)− αϕfree(t), (C28)
with the Lagrangian Eq. (28). As can be seen, the nu-
merical curve agrees perfectly with Lϕ,(0)1 , showing that
for the radius ˜ ≡ R0/L = 0.1, the numerical exit rate is
described by the perturbative result Eqs. (7), (27), (28).
Scenario 2: Constant free-diffusion exit rate. In Fig. 6
(b) we compare Eq. (C28), the deviation of the numerical
exit rate rate from the free-diffusion exit rate Eq. (29),
with the Lagrangian Eq. (30). The perfect agreement
between simulations and theory shows that also in sce-
nario 2, the perturbative expansion Eq. (7) describes the
actual exit rate from the small-radius tube.
Scenario 3: Stratonovich Lagrangian. In Fig. 6 (c) we
compare the theoretical exit rate Eq. (34) to results from
numerical simulations of the FPE in the y-coordinate de-
fined in Eq. (33). As for scenarios 1 and 2, we find per-
fect agreement between perturbative and numerical exit
rates, showing that our perturbative expansion describes
the exit rate for the tube radius considered.
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